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INTEGRO-DIFFERENTIAL EQUATIONS WITH 
CONSTANT LIMITS OF INTEGRATION. 


BY DR. I. A. BARNETT. 
(Read before the American Mathematical Society December 28, 1918.) 


ConsIDER the linear integro-differential equation 


(1) 2) = [KG 


where 7 is a real variable ranging over |7 — 70] Sc, and 
K(é, n) is a continuous function defined in the square 
aS<i<b,a<n<b. Volterra has shown* that the most 
general solution of this equation, reducing for rt = 79 to the 
arbitrary continuous function wo(é), is given by 


where 


Lg, 17) = 


the functions K,, denoting, as ec the iterated kernels of 
K with the understanding that K, = 

It is proposed in this paper to give a solution of equation 
(1) in terms of the characteristic numbers and functions of 
the kernel K for the cases in which K is symmetric and skew- 
symmetric. Furthermore, some extensions of the theory to 
more general kernels will be pointed out and a formal analogy 
between integro-differential equations and partial differential 
equations will be shown. It is of interest to note that equa- 
tion (1) may be considered as the limiting case of the finite 
system of differential equations with constant coefficients 


n), 


and the results for the integro-differential equations could be 
predicted from the well-known theory of this last system. 
* Volterra, Lincei Rendiconti, serie 5 (1914), 2d semester. 


+ Schlesinger, ‘‘Zur Theorie der linearen Integrodiferentialgechungen.” 
Jahresbericht der deutschen Mathematiker-Vereinigung, vol. 24 (1915-16), 


p. 84. 


193 
du; = 
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$1. The Symmetric Kernel. 
THEOREM. Through the element (ro, Uo), where uo is a real 
continuous function of &, there exists one and but one solution of 
equation (1), viz., 


(8) 7) = walt) + — 1) 


where the d, are the characteristic numbers of the kernel K (neces- 
sarily real) and the ¢,, are the characteristic functions. 

The Xd, are arranged, as usually, in the order of their in- 
creasing absolute values, and the ¢, are supposed normalized 
and orthogonal. 

Two methods of proof suggest themselves. One could start 
with Volterra’s solution (2), and obtain the form (3), by 
making use of the well known properties concerning iterated 
kernels of a symmetric kernel.* A better method, however, 
is to proceed directly. 

Consider the infinite sum 


7) = 1) f 


One may write 


1 7 1 
(G7) + 
Hence, since the \,, are bounded from zero, i.e., |An| > a > 0 
for all n, it follows that 


has an upper bound M for all 7’s for which |7 — 79| Se. 
Furthermore, the infinite series 


¢n()Uo(n)dn, 


converges absolutely uniformly in the interval a < ~ < b, by 


‘71 eo Elementi della Teoria delle Equazioni integrali, § 61, 
1, § 76. 
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the Hilbert-Schmidt expansion theorem.* Thus, the series 
representing 7) converges uniformly for a < <6, 
T— | Sc, so that S(é, 7) is a continuous function for all 
(&, 7) lying in this same region. 
Differentiating S(é, 7) with respect to 7, one obtains 


f ¢n(n)uUo(n)dn, 


n=1 


which is dominated by* . 


from which it follows that (£, 7) has a derivative which con- 
verges uniformly for all 7’s of |r — 7o| Se. 
Substituting (3) in (1), one finds 


n=1 


(4) 

+ f KE 1). 
Since the second term on the right-hand side converges uni- 
formly, one may integrate term by term, after which the right 
hand side reduces to 


f 0)uo(n)dn + f ¢n()Uo(n)dn 


which is simply the left-hand side of (4), by the Hilbert- 
Schmidt theorem. Hence, (3) is a solution of (1). 

The uniqueness of the solution may be shown as follows: 
Equation (1) with the initial condition is evidently equivalent 
to the integral equation 


Suppose there could be another solution a(é, 7) with the same 


* Vivanti; § 89. 
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properties as u(é, 7). Then 
até 7) = KG nals, ands + 


a? 


Hence, 
ag, 7) = KG 2) ula, 


and calling U the maximum of |i(n, 7) — u(n, r)| and K the 
maximum of K(é, 7), in their respective regions of definitions, 
one may write 


|a(é, T) u(é, 7) | KU|r To| |b al, 


and by continued application of this inequality, one finally 
arrives at the relation 


|a(E, 7) — u(E, 7)| S — 


|r — 
n! 


from which, by a passage to the limit as n — ©, one obtains 
the desired result. 
Corotitary 1. [If the initial function u(t) has the form 
b 
K(é, n)p(n)dn, where p(n) is real and continuous in a < 


< b, then the solution (3) may be put in the form 


6) 


b 
This follows immediately upon substitution of f K(é, n)a(n)dn 
for uo(€) in (3) and an application of the Hilbert-Schmidt 


expansion. 
Coro.iary 2. The series in the solution (3) will terminate, 
i.e., will have the form 


m b 
when, and only when, the kernel K can be written in the form 


= 
— 
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It is understood, of course, that corresponding to each root 
of multiplicity p there will be p terms in (6). 

This is an immediate consequence of a well-known result in 
the theory of integral equations.* For example, the solution 
of the integro-differential equation 


5, ME, 7) = f £nu(n, 7)dy 
passing through 79 and w(é) = f £n sin ndn = £ is given by 
0 
£e"*"-704 since the only normed characteristic function is 


with the characteristic number 24/z*. 
§ 2. The Skew-Symmetric Kernel. 
If it is now supposed that K(£, ») = — K(n, &), the corre- 
sponding theorem is as follows: 


THEoREM. Through the element (ro, uo) there exists one and 
but one solution 


= uo(é) + 3 — 1) 
(7) 
+ — 1)], 


reducing for tT = To to uo(E), where 


= 


and where dn, \n, and Gp(€) are the conjugates of dn, An, and ¢,(£) 
respectively. 

Here the d,, A, are the characteristic numbers and the ¢,(é), 
¢n(€) are the characteristic functions which are supposed 
normed and biorthogonalized. The proof of this theorem is 
like that of the preceding one and will not be given. It 
suffices to remark that in this case use is made of a develop- 
ment analogous to that of Hilbert-Schmidt for the symmetric 
case.f 


an Introduction 4 la Théorie des Equations intégrales (1912), 
p. 66. 
t Lalesco, p. 77. 
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By making use of the particular form of the characteristic 
numbers, one may put (7) into a somewhat different form. 
It is well-known that the characteristic numbers of a skew- 
symmetric kernel are of the form + ~ and that if 7 is a 
characteristic number with g(£) as characteristic function, 
then — v7 is also a characteristic number with ¢(£) as corre- 
sponding characteristic function. If in (7) one introduces the 
notations 


galt) = Val®) + ixall, 


one finds, after some reductions, that it may be written 


7) = | (cos 7" — 1) 


Just as in the symmetric case, it is to be remarked here 
b 


(8) 


+ Fnxn(€)} sin 


that when has the special form K(é, 7)p(n)dn, where 
p(n) is a real continuous function, then (7) reduces to 
1 
where 


In = f 


and gp is the conjugate of g. Moreover, (8) becomes 


(10) 7) = =| Bate) cos + sin —" 
where 
Bn(E) = — (E) = + 


Finally, in view of the fact* that every skew-symmetric kernel 
* Lalesco, p. 77. 


| 

| | 
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having a finite number of characteristic numbers is necessarily 
of the form 


— 


it follows that for such kernels and only for such, the solution 
(7) has a finite number of terms. 

As an example of an integro-differential equation of this 
last type, consider the equation 


ay Fug 2) = — 


where ¢ is an odd integer. Now, since 


sin o(§ — 9) = 


it is clear that the only characteristic numbers of the kernel 
sin o( — n) are 7/7 and — i/x with the corresponding normed 
biorthogonal characteristic functions 
Hence, the solution of (11), which reduces for r = 79 to an 
arbitrary continuous function uo(é), is, according to (7) 


7) = wl) + — 


or, by formula (8) 


r) = u(t) — To) E 70) 


| uo(n)dn. 


§ 3. Some Extensions and Applications of the Preceding Results. 


In recalling the proofs of formulas (3) and (7), one sees 
that the essential feature was the fact that the symmetric 
and skew-symmetric kernels had an expansion (Hilbert- 
Schmidt) associated with them. This is also true for the 
symmetrizable kernels (Marty). A kernel K (&, 7) is said 
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to be symmetrizable if there exists a definite symmetric kernel 
G(é, ) such that either 


Pen) = 6G, nat 


a? 


or 
0) = NG(t, nat 


is symmetric.* As in the symmetric case, the characteristic 
numbers A, are real and the theorem on the development 


says that, if f(£) is of the form f K(é, n)h(n)dn, thent 


where the ¢,(£) are the characteristic functions of K(é, 7).t 
One could then easily write down the form of the solution 
corresponding to (3). It is to be remarked that both the 
symmetric and skew-symmetric kernels are special instances 
of symmetrizable kernels, as well as the kernels A(£)G(é, 7), 


A(£)G(é, 7) B(n) and H(é, n)G(¢, n)df, where G isa definite 


symmetric kernel and H is symmetric. 
One could also generalize farther by considering equations 
of the type 


0 
5; UP, 7) = JqrK(p, q)u(r, 7), 


where p, qg, and r have arbitrary ranges§; K is hermitian, i.e., 
K(p, q) = K(q, p); and J is a linear functional operation. 
In view of Moore’s generalization of the Hilbert-Schmidt 
theory, one could easily generalize the results of Section 1. 

It would be interesting to see how to express the solution 
of the integro-differential equation (1) in terms of the char- 
acteristic functions and numbers when the kernel is perfectly 
general, as in Volterra’s case. For this purpose it would 


* Lalesco, p. 78 

t Lalesco, p. 84. 

t The functions ¢,(¢) and = [G(E, »)¢n(n)dy are supposed normed 
and biorthogonalized. 

§ E. H. Moore, “On the foundations of the theory of linear integral 


equations,” BULLETIN, vol. 18 (1912), pp. 334-362. Hildebrandt, “On 
a theory of linear differential equations in general analysis,” Trausactious 
Amer. Math. Society, vol. 18 (1917), pp. 73-96. 


= 
= 
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seem that one would have to consider the elementary divisors 
of the Fredholm determinant, as in the theory of the finite 
system of differential equations with constant coefficients. 

Before leaving this subject, one should notice that the 
integro-differential equation 


b 
(12) 2) = 2) + [KG ula, 
where y(7r) is a continuous function of 7 in the interval 
|r — 7 | Se and K(é, is, for example, symmetric, is 
readily reducible to an equation of type (1). For, multiplying 


both sides of (12) by and replacing n) 
by w(é, 7), one finds the equation 


b 
97 T) = f K(&, n)w(n, 7)dn, 


so that the solution of (12), having an initial function w(é), 
is given by 


- 
Xe f ¢n()Uo(n)dn. 
In particular, if y(r) = 1, this becomes 


o(&, 7) = 
+ ¢n(é) (e670) f Yn (n)uo (n) dn. 


Consider also the non-homogeneous equation 


a5) KG nue +20, 


(13) 


(14) 


b 
where 2(£) is continuous and has the form if K(é, n)x(n)dn. 


Then it can be readily verified that the unique solution passing 
through u(£) is given by 


7) = + — 1 


¢n(n)[uo(n) + z(n) ]dn, 
which obviously reduces to (3) when 2(7) = 0. 


(16) 


202 INTEGRO-DIFFERENTIAL EQUATIONS. [Feb., 


It is now desired to point out an analogy between integro- 
differential equations and partial differential equations. Con- 
sider the problem of the free vibrations of an elastic string. 
Let the string when stretched be of length unity and of homo- 
geneous density. Moreover, let the initial position of the 
string be uo(é) and let each particle start its motion with the 
initial velocity zero. Then, it can be shown that, if the units 
are chosen properly, the differential equation of the problem 
will be given by* 


972 nN=e u(é, 7), (ec = constant), 

(17) 
u(é, To) u(0, T) = 0. 

By following the usual methods for solving such systems, one 

obtains that a solution of (17) is given by 


1 
(18) u(x, 7) = sin f uo(£) sin 
n=1 


if it is assumed that wo(£) is of such a character that it is 
expansible in a Fourier series. 
Now consider the integro-differential equation 


where 
_fad—ms 
is the Green’s function relative to the system (17). 


It is well known that the characteristic numbers of this 
kernel have the form nz? with the normed orthogonal char- 


acteristic functions V2 sin nré. So that, if one supposes that 
1 
uo(~) has the form f K(é, )p(n)dn and hence is expansible 
0 


in a Fourier series, one obtains immediately from (5) that the 
general solution of (19) is given by 


1 
(20) u(x, 7) = 2 >>sin Uo(£) sin nrédé, 
n=l 0 


* Weber-Riemann, Lehrbuch der partiellen Differential-Gleichungen, 
§ 83. 
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which is seen to agree with (18), except for the fact that the 
coefficient of r — 7» in the exponent of ¢ in (20) is the reciprocal 
of that in (19). This brings out the relation between systems 
(19) and (17). This is readily generalized to all systems like 
(17) which lead to self-adjoint differential equations of the 
second order with boundary conditions. 


Harvarp UNIVERSITY, 
October 21, 1919. 


ON A PENCIL OF NODAL CUBICS. 
BY PROFESSOR NATHAN ALTSHILLER-COURT. 


(Read before the American Mathematical Society December 31, 1919.) 


ConsmER a pencil T' of nodal cubics having in common 
three collinear points, the double point, and the two tangents 
at this point. 

1. Let I’, be one of the cubics of the pencil T. A variable 
secant passing through one of the three basic collinear points 
A, B, C, say A, cuts I, in pairs of points which are projected 
from the double point 0 by an involution of rays, the two 
tangents OT, OT: (71, T2 are points of the basic line ABC) 
to [,, at O being a pair of conjugate elements in this involu- 
tion.! The lines OB, OC, are obviously another pair of conju- 
gate elements in this involution. The double lines 0M,, 
OM,’, of this involution project from O the two points of 
contact M,, M,’ of the two tangents from A to I,. 

When I, describes the pencil I the two pairs of lines 07}, 
OT, and OB, OC, remain fixed, by hypothesis, hence the 
involution 
(I) O(T;T2, BC, 


is fixed, and therefore also its doubles lines 0M,, OM,’. 
Consequently: The points of contact of the pairs of tangents 
from one of the basic points to curves of the pencil T lie on two 
fixed lines passing through the double point. 
2. The corresponding point A,’ of A on I, is projected 
1M. Chasles, “Mémoire sur la construction des racines des équations 
du troisiéme et du quatriéme degré,”’ Comptes Rendus de l Académie des 


Sciences, tome 41, p. 677. E. de Jonquiéres, Mélanges de Géométrie 
pure, 1856, p. 180. 


204 ON A PENCIL OF NODAL CUBICS. [Feb., 


from O by a line OA,’ which is the harmonic conjugate of 

OA with respect to OT), 
When I, varies the three lines 0A, OT;, OT2 remain fixed, 

by hypothesis, therefore: The corresponding points on the 


cubics of the pencil T of any one of the basic points lie on a 
straight line passing through the double point. 

3. The chord of contact M,M,’ of the two tangents 4M,, 
AM,’ from A to I, (1) passes through the corresponding 
point A,’ (2) of A on T,.* The two lines OA,’, A,’M,M,’ 
meet the line ABC in two points A’, A; harmonically separated 
by B, C, according to a theorem of McLaurin.‘ 

When I, varies the point A’ remains fixed (2), and since 
B, C are also fixed, hence A; is a fixed point. Thus: The 
chords of contact of the pairs of tangents from one of the basic 


2See, for instance, W. Binder, Theorie der unicursalen Plancurven. 
293 


" 3de Jonquiéres, loc. cit., p. 226, prop. VII. 
4 de Jonquiéres, loc. cit., p. 237, prop. XIV. 


| 
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points to the cubics of the pencil T pass through a fixed point 
of the basic line. 

4. Let D, be the tangential of A on I, i.e., the point where 
I, is met again by the tangent to this cubic at the point A. 
In the involution (I) (1) to the line OD, corresponds the.line 
OA. Since neither this involution, nor the line OA vary 
with I,,, the line OD, is therefore fixed. Consequently: The 
tangentials of any of the basic points on the cubics of the pencil 
I’ le on a straight line passing through the double point. 

5. Let P, be any point on T,. The line AP, meets I, 
again in Q,, and the two lines OP,, OQ, are conjugate in the 
involution of rays (I) (1). 

When P, varies with I, on the line OP,, the line 0Q,, 
being the conjugate of the fixed line OP, in (I), will remain 
fixed. Hence: The lines projecting from a basic point the 
range of points determined by the pencil T on any line passing 
through the double point, meet the respective cubics again on a 
fixed straight line passing through the double point. 

5a. The corresponding points of A describe a straight line 
(2), hence (5): The lines joining a basic point to its correspond- 
ing points on the cubics of the pencil T meet the respective curves 
again on a straight line passing through the double point. 

6. The pairs of points determined on I’, by a variable secant 
passing through P,, are projected from O by an involution of 
rays in which O7,, OT. are a couple of conjugate elements, 
and the lines OA, OQ, (5) are another.’ In this involution 
to the ray OP, corresponds the line OL, projecting from O 
the tangential L, of P, on T,.° 

If the line OP, is maintained fixed while I, describes the 
pencil T’,,the point Q, will describe the range of points OQ, (5). 
Thus when I, varies the involution of rays just considered 
has besides the fixed couple O7,, OT: also the fixed couple 
OA, OQn, hence this involution is fixed, and the conjugate 
OL, in this involution of the fixed ray OP, is also fixed. 
Consequently: The tangentials of the range of points determined 
by the curves of the pencil T on a line passing through the double 
point, lie on a straight line also passing through the double point. 

6a. Since L, describes a line passing through 0, its tan- 
gentials, which are the second tangentials of P,, will also 
describe a straight line. In turn we may consider the tan- 


5 Binder, loc. cit. 
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gentials of these tangentials, etc. Thus: The tangentials of 
any given order of the range of points determined by the peneil T 
on a line passing through the double point, lie on a straight line 
also passing through the double point. 

6b. We have seen that the tangentials of A describe a 
straight line (4), hence (6a): The tangentials of any given order 
of a basic point on the cubics of the pencil T lie on a straight line 
passing through the double point. 

7. The double elements O7,, OT,’ of the involution of rays 
0(7T:T2, AQ,) (6) project from O the points of contact T,, 7,’ 
of the tangents P,7,, P,T,’ from P, to T,. Since this in- 
volution remains fixed when P,, varies with T on the line OP, 
(6), we have: The points of contact of the pairs of tangents 
drawn to the cubics of the pencil T from the points which these 
curves respectively determine on a line passing through the double 
point, lie on two straight lines passing through the double point. 

8. The lines OA,’, A,’A; (3) meet the secant AP,Q, (6) 
in two points harmonically separated by P, and Q,.4 Let 
U = (AP,Qn, A1Az’). 

Let R, be any other point of I’, and S, the third point of 
intersection of I’, with AR,. The lines OA,’, A,’A; (3) deter- 
mine on the secant AR,S, two points harmonically separated 
by Ra, Let V = A1A,’). 

If the lines OP,, OR, are kept fixed when I, describes the 
pencil I’, the points P,, R, will describe two ranges of points. 
The points Q,, S, will describe two other ranges of points on 
the lines 0Q,, OS, (5). Hence the point U will also describe 
a straight line, namely the harmonic conjugate of the fixed 
line OA,’ (2) with respect to the couple of lines OP,, OQ,. 
Similarly V will describe the harmonic conjugate of 0A,’ with 
respect to OR,, OS,. Thus we have 


R(V---) RAV ---) 


It follows immediately from this construction that (i) when 
P,, coincides with O, the point R, likewise coincides with O, 
and (ii) when P, coincides with the point (OP,, ABC), the 
point R,, coincides with (OR,, ABC). Hence: The lines join- 
ing the pairs of points determined by a variable cubic of the 
pencil T on two fixed lines passing through the double point 
pass through a fixed point of the basic line. 


| 
} 
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9. The tangent P,L, to I’, at P, joins two points which I, 
determines on the two lines OP, (5), OL, (6). Consequently 
(8): The tangents to the curves of the pencil T at their pointe of 
intersection with a line passing through the double point, pass 
through a fixed point of the basic line. 

9a. This proposition (9) may be applied to the range of 
points A,’ (2) and also to the range of points D, (4). The 
reader may formulate the resulting theorems. 

10. The tangents P,7,, P,T,’ from P, to T, have their 
points of contact T;,, T,’ on two fixed straight lines (7). Each 
of these two tangents passes through a fixed point of the basic 
line, when I, varies (9), hence we have, relatively to the 
variable point P, of the range OP,: The pairs of tangents 
drawn to the cubics of the pencil T from the points which these 
curves respectively determine on a fixed line passing through the 
double point, pass through a pair of fixed points of the basic line. 

11. The corresponding point P,’ of P, on I, lies on the line 
OP,’ which is harmonically separated from OP, by the tan- 
gents OT,, OT, to I, at O,? therefore when P, varies with T, 
on OP,, the line OP,’ remains fixed. Thus: A line through 
the double po:nt meets the cubics of the pencil T in a range of 
points the corresponding points of which on the respective curves 
lie on a straight line passing through the double point; and by 
virtue of (8): The lines joining the pairs of corresponding 
points thus obtained pass through a fixed point of the basic line. 

12. Since the points of contact T,, 7,’ of the tangents from 
the variable point P, of OP, to the variable cubic I’, describe 
two straight lines (7), hence the variable line 7,7,’ meets 
ABC in a fixed point (8). Thus: The chords of contact of the 
pairs of tangents drawn to the cubics of the pencil T from the 
points which these curves respectively determine on a fixed line 
passing through the double point, meet the basic line in a fixed 

int. 


point. 

13. The chord of contact of the two tangents from A,’ (2) 
to I’, passes through the conjugate A of A,’ on I,’ and meets 
the line A,’M,M,’ (3) in the harmonic conjugate X’ of the 
point (OA, M,,M,’) with respect to the couple M,, M,’.4 

The pairs of lines projecting from A the couples of corre- 
sponding points on I, form an involution of rays, one of the 
double elements of which is the line AO joining A to the double 
point 0. Since M,, M,’ are a pair of corresponding points 
(3), the line AX’ is the second double element of this involu- 
tion of rays. 
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The line AX’ has thus a definite geometric meaning relative 
to the point A on I,. It is sometimes more convenient to 
speak of this line in connection with the point A alone, without 
having to mention the corresponding point of A. Such a 
line as AX’ shall be referred to as “the double line” through A 
relative to T,. 

When 4A,’ varies with I, (2) the harmonic pencil 
O(M,M,'AX’) has three rays OM,, OM,’ (1), OA, fixed, 
hence the fourth ray OX’ is also fixed. Consequently: The 
double line, relative to a curve of the pencil T, through a basic 
point meets the chord of contact of the two tangents to this cubic 
from the same basic point, on a fixed line passing through the 
double point. 

It may readily be shown that the line 0X’ is identical with 
the locus OD, of the tangentials of A(4). 

14. Let K be the point of intersection of the line P,,R,(8) 
with ABC, and W,, the third point of intersection of P,R, 
with T,. Let P,, R., W. be the points of intersection of the 
lines OP,, OR,, OW, with any other cubic, say T,, of the 
pencil T. The lines P,R,, P,R, intersect in K, by virtue of 
prop. (8), i.e., Ps, Rs, K are collinear. 

Again, the lines P,W,, P,W,, intersect on ABC, by virtue 
of the same prop. (8). But P,W, = P,R, by construction, 
hence P,W, passes through K, i.e., P,, W,, K are collinear, 
consequently P,, R,, W, are collinear. Thus: (a) If three 
lines passing through the double point meet one of the cubics of 
the pencil T in three collinear points, they meet every cubic of 
the pencil in three collinear points. (b) The bases of these triads 
of points concur'on the basic line of the pencil. 

15. The lines P,A, P,A,’ projecting from the point P, (5) 
the couple of corresponding points A, A,’ (2) on I, meet I, 
again in a pair of corresponding points. The line P,A meets 
I, again in Q, (6), hence P,A,’ meets I’, again in the cor- 
responding point Q,’ of Q, on I',. Thus the corresponding 
points P,’, Q,’ of P,,Q, on I, are collinear with A, and there- 
fore the lines OP,,’, O@,’, are conjugate in the involution (I) (1). 

The lines AP,, AP,’, projecting from A the pair of corre- 
sponding points P,, P,’ are harmonically separated by the 
double lines AO, AX’ of the involution projecting from A the 
pairs of corresponding points on T,, (13). The line OX’ cuts 


* de Jonquiéres, loc. cit., p. 239, prop. XV. 
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the harmonic pencil A(OX’P,Q,) in four harmonic points 
O, X’, Hs, H,’. The corresponding points P,’, Q,’ of the 
points P,, Q, are thus the intersection of AH,’ with the 
harmonic conjugates OP,’, OQ,’ of OP,, OQ, with respect 
to OT;, OT». 

If the secant s = AP,Q, is maintained fixed, while I, 
varies, the pair of lines OP,, OQ, will describe the involution 
(I) of which the pair of points P,, Q, will describe the section 
by s. The lines OP,’, OQ,’ will describe the same involution 
(I). The line OX’ will remain fixed (13), the points X’ and 
U(8) lying on the line A,A,’M,M,’ (2, 3). Of the four 
harmonic points 0, X’, H,, H,’ the points O, H, are fixed, 
hence the two others H,’, X’ will describe on the fixed line 
OX’ two superposed projective ranges the double elements of 
which are the points 0 and H,. Thus: 


O( Pn’ Qn’; see) x O(P 332) (PrQn; eee) (U ---) 
= A,(U ---) x (X’ +--+) x (H,’ ---) A(H,’---). 


This construction establishes a one-to-two projective corre- 
spondence between the pencil of lines A(H,’ ---) and the 
pairs of lines of the involution (I). Consequently’: The corre- 
sponding points, on the cubics of the pencil T, of the points 
determined by this pencil on a fixed line passing through a 
basic point, lie on a nodal cubic having the same double point 
as the given pencil and passing through the basic point considered. 

When the lines OP,, OQ, coincide with the couple OB, OC 
of (I) the above construction shows that the harmonic conju- 
gates of OB, OC with respect to the couple O71, OT: are the 
two tangents to this cubic at its double point 0. 

16. The lines OP,, OQ, (8) being harmonically separated 
by the double elements OM,, OM,’ of (I, the points 
U, = (OPn, M,M,'), Uz = (0OQn, M,M,’) are harmonically 
separated by M,, M,’. On the other hand M,, M,’ being a 
couple of corresponding points on I, (1), the lines P,M,, 
P,,M,’ are conjugate in the involution of lines projecting from 
P,, the couples of corresponding points on T,, and since one 
of the double elements of this involution of rays is P,0, 
therefore the second double element passes necessarily through 
the point U,. Thus P,,U, is the double line (13) of P, relative 
to I. Similarly the line Q,,U, is the double line relative to 
through Q,. 


7 de Jonquiéres, loc. cit., pp. 170-171. 


/ 
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The four points P,, Q,, Up, U,, determine a complete 
quadrangle the diagonal points of which are 0 = (P,U5, Q,1/ «), 
U= (PrQn, = U' = Thus 
OU’ is the harmonic conjugate of OU with respect to OP,, 
0Q,, hence OU’ is identical with OA’ (8), i.e., U’ lies on the 
fixed line OA’. Let E, = (OA’, P,Qn). The harmonic pencil 
U(E,A,’0U’) determines on OA’ the four harmonic points 
E,, O, U’. 

If the secant s = AP,Q, is kept fixed, while the cubic I, 
varies, the pair of lines OP,,, OQ, will describe the involution (I) 
of which the couple of points P,, Q, describe the section by the 
fixed line s. Of the four harmonic points E,, A,’, 0, U’ the 
points 0, E, remain fixed, hence A,’, U’ describe on the fixed 
line OA’ two superposed projective ranges with the points 0 
and E, as the double elements of the projectivity. Thus: 


When U’ coincides with E,, the point A,’ also coincides with 
E,, hence U will also coincide with E,, consequently one point 
of the couple of elements of the involution P,Q, --- coincides 
with E,. Thus in the projective one-to-two correspondence 
established by (a) between the points of the lines 0A’ and s 
the point E, is a united element, hence U’P,, U’Q, envelop a 
conic tangent to s, the point of contact being the trace on s 
of the conjugate of OA’ in (1), i.e., the line projecting from 
O the third point of intersection of I, with AA,’. Thus: 
The double lines of the points determined by the cubics of the 
pencil T on a line passing through a basic point, envelop a 
conic tangent to the line considered. 

When the lines OP,, OQ, coincide with the lines OB, OC, 
the point A,’ and hence the point U’ will coincide with 0, 
consequently: The conic is tangent to the lines projecting, from 
the double point, the other two basic points of T. 

17. The points in which a line / through the double point 0 
meets the cubics of the pencil T have their tangentials on 
another line passing through O (6). Hence if / meets one 
of the cubies of I in a point which coincides with its tangential, 
the same is true about the intersection of | with any other 
cubic of T. Thus: If a line through the double point meets 
one of the cubics of the pencil T in a point of inflexion, it meets 
all the cubics of the pencil in inflexional points. 
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18. Let I,,’, I,’’, I,’’’ be the three points of inflection of I,. 
The lines OJ,’, OI,’’, OI,’”’ meet every cubic of the pencil T 
in three collinear points (14a), and all these points are points 
of inflection (17). Consequently: The points of inflection of 
all the cubics of the pencil T lie on three straight lines concurring 
in the double point. 

19. From (18) and (146) it follows: The inflectional lines 
of the cubics of the pencil T form a pencil having its vertex on 
the basic line. 

It may be added that this vertex is the harmonic conjugate, 
with respect to the couple A, A, of the trace on ABC of the 
locus of the tangentials of A (4). 


UNIVERSITY OF OKLAHOMA, 
October, 1919. 


DEFINITION AND ILLUSTRATIONS OF NEW 
ARITHMETICAL GROUP INVARIANTS. 


BY PROFESSOR E. T. BELL. 


1. ARITHMETICAL instances of groups are still sufficiently 
uncommon to make any new occurrence a matter of interest. 
Many significant group concepts have, of course, been implicit 
in arithmetic since at least the times of Euler and Gauss, 
notably in the theories of power residues, the automorphics 
of binary quadratic forms, and principal genera. More re- 
cently Miller has directly applied groups to quadratic residues 
and other topics. 

This note contains the definition and a few illustrations, 
shorn of algebraic and other details, of certain group invariant 
relations for arbitrary integers, which are believed to be funda- 
mentally distinct from previous group phenomena in arith- 
metic. These relations are genuinely arithmetical in that 
they concern only integers, and they may legitimately be 
called group relations because they exist only in reference to 
groups. 

The object of this note is merely to call attention to these 
invariants by exhibiting a few of the simplest; and as several 
preliminary definitions are required—the subject being new— 
developments and less obvious examples may be left to another 
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occasion. Although the illustrations have purposely been | 
chosen of a very simple nature, nevertheless they sufficiently 
illustrate the general character of all such results, and*hotes 
on their analytical origins have been included. We point out 
here, however, that the elliptic, abelian, and allied theta 
functions offer inexhaustible mines of such invariants for 
systems of any number of quadratic and bilinear forms and 
for groups of any degree, and that applications of these in- 
variants to numerous arithmetical problems are immediately 
apparent. For example, it will be clear from this note that 
any relation between theta functions and their allied quotients, 
provided only that it involves the arguments and is not merely 
an identity between constants, gives rise to at least one singular 
monad invariant, and therefore to several dyads, triads, etc. 
Regarding applications, the possible fruitfulness of the in- 
variants will be evident on remarking that in any invariant 
the k-ads may be replaced by arbitrary functions of the same 
parity as the k-ads and belonging to the same group; so that 
each k-ad relation implies an infinity of specialized arithmetical 
theorems. Last, the whole method is obviously applicable 
to functions other than the thetas as a basis, provided they 
are expansible in Fourier series. But so far the most inter- 
esting applications have arisen by way of the theta functions. 

2. The sets of independent variables, in which order is 
essential, (21, 22, --+, %a), (— 21, — 22, +++, — Wa), are denoted 
by by & — & respectively. Consider (r+ s) such sets, all 
the variables being independent, 


= Fa, Lia,), (¢ = 1, 2, ---, 
13 = (Yar, Yin Yo), (JF = 1,2, ---, 8), 
united in a symbol Z, in which order is essential, 
Z = (&1, my M25 
which is called an (r + s)-ad, of parity and order 


(a1, a,|by, be, b,), w= 2b; 
respectively, and which has the following properties: Z exists 


and is uniquely determined when all the variables take integral 
values = 0, remains equal to itself when any £ is replaced 
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by its negative, changes sign for a like replacement of any 7, 
and vanishes when all the variables in any 7 take zero values 
simultaneously. Likewise, by a few changes in the wording, 
we define the (r + 0)-ad Z’ and the (0+ s)-ad Z”’, 


of the obviously corresponding parities and orders (ai, do, 
a,|), ete. If r+s=k, r+s> 0, we shall speak 
of Z, Z’, Z”’ simply as k-ads. 

All the formal laws of algebraic addition and subtraction 
are to hold for k-ads; and two k-ads are equal when and only 
when it is possible, by legitimate changes of sign in accordance 
with the foregoing definitions, to reduce them to identically 
the same form, the signs prefixed to the whole k-ads being 
included. Thus (2, 3|), (= 2, 3|), (2, ‘Sf 3|), 
are equal; (2, 3|) and (3, 2|) are unequal, as also are ((2, 3)|) 
and (2, 3|); (|(2, 3)) = — (|(— 2, — 3)); and 


(1, (— 2, 0, 3) | (— 4, 0), 5) = (1, (2, 0, 7 3) | (= 4, 0), 5) 
baa (— 1, (— 2, 0, 3) | (4, 0), 5) ws (1, (— 2, 0, 3)| (4, 0), - 5). 


By the variables of a k-ad we shall mean the variables 
within the sets £, 7, and not the £, 7 which will be called the 
sets of the k-ad.* If each set contains but one letter, the 
sets and the variables coincide. 

3. Let 1, 81, 82, ---, 8: = g denote a set of substitutions on 
some or all of the variables of a k-ad Z, and write (s;Z) for 
the result of applying s; to Z. The s; fall into two categories: 
(A), substitutions which either permute the variables of Z 
within the sets, interchanging no pair of variables from dif- 
ferent sets, or permute the sets £ among themselves and the 
sets 7 among themselves, interchanging no £ with any 7; 
(B), all others. If all the substitutions of a group G belong 
to (A), we call G an A-group, (“for Z” being understood). 
In this note we consider only A-substitutions and A-groups, 
as the consequences are simpler than those arising from (B). 

If g is any A-group on the variables of Z, we shall denote 
by Z* any k-ad of the same parity as Z, and on the same 
variables, which belongs to g. As a simple example, the 
following sum is a (1 + 0)-ad of parity (4|) and order 4: 


*This is emphasized because in one application of the theory the 
t, 7 behave as single variables, not as sets, and are then treated as the 
independent variables. 
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(xly, (z, w)) + (z|w, (z, y)) + (y|z, (w, + (y|2, (w, 2)) 
+ (2|w, (x, y)) + Gly, w)) + (w]e, (y, z)) + (wlz, 


which obviously is invariant for an octic group g on 2, y, z, w 
and which therefore is a particular monad of that whole class 
any member of which is denoted by ((2, y, z, w)|)%. As 
another example, if A, u denote integers different from zero, 
and ) is even, u odd, the function 


— 2") + — + — y") 


belonging to g = 1, xyz, azy, is of parity (|3) in (2, y, 2) and 
is therefore a particular (| (x, y, z))® for this g. Last, recalling 
a common notation, we denote by [af], [aBy5]’ the products 
of any four elliptic theta functions #,(x), etc., in which the 
variables are, for the order in which the functions are written, 
z, y, z, w and 2’, y’, 2’, w’ respectively, where 


z’=s-7, y =s-—y, =s—w; 
and we have either of the equal sums 
[0123] + [1032] + [2301j + [3210], 
{0123]’ + [1032]’ + [2301]’ + [3210]’ 


a particular (|(x, y, z, w))® for g the four group 1, zy-zw, 
zz-yw, xw-yz. We interpret this example arithmetically later. 
Although all of these are for monads, it is not difficult to 
devise similar examples for dyads, triads, etc. We pass over 
these, since from invariant relations concerning monads may 
be inferred others involving dyads, etc., as pointed out in § 12. 

4. Consider a k-ad Z whose variables are 21, 22, -+-, 2, 
and an A-group g = 1, 81, 82, ---, 8, on some (or all) of these 
variables, and let 


S:. (21, ay =. (21, zo, ---, 2), @ = 1, 


denote a system of ¢ integral values of the set (21, z2, ---, 2); 
viz., each z; is an integer S 0, and in the typical identity 
between sets just written, 2; = 2; (7 = 1, 2, ---, w). Re- 
place z; by z; in Z, (j = 1, 2, ---, w), multiply* the result 


*From §2 the meaning of cZ, where c is an integer, is Z + Z + - 
+Z (c terms) ife >0;itis —Z—--- — Z if c <0; and cZ = 0 
when c = 0. 


= 
= 
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by an integer c;, form the sum of all such products for i = 1, 2, 
, t, and denote the result by /.,cZ, or by feZ where S is 
understood. In the same way are defined /fe(s;Z), fcZ*, 
starting from (s;Z) and Z® respectively. In these sums the 
substitutions s; and: those of g must obviously be applied 
before the variables of Z are replaced by the integers of S. 

5. In all that follows there is a radical distinction between 
special and general sums of the sort just defined. In a special 
sum the integers z; are constants, 0, — 2, 5, ---, ete.; in 
a general sum they are variables. Through several of the 
z; having equal absolute values we frequently find feZ = 0 
for Z special, but feZ + 0 for Z general; and so in the other 
cases. Henceforth all { sums are general. 

6. Bearing in mind that the / are general, we readily see 
that relations 


ScZ = 0, JSe(s:Z) = 0, = 0, 


must be mere trivial identities until the integers of S are in 
some way restricted. Hence we next impose conditions upon 
S, emphasizing again, however, that within the restrictions 
the integers of S are variables. For example let (2;, y:, 2:, w;), 
(i = 1, ---, h) represent the totality of sets of four integers 
> 0, the sum of whose squares is equal to an odd integer m, 
and choose 


S: (21, 22, 23, 24) = yi, Wi) (C= 1, ---, A). 


Then in this case our sums are to refer to S for m an arbitrary 
odd positive integer; and we shall seek for this S a relation 
such as fe((z1, 22, 23, 24)|)” = 0, valid for any odd positive 
integer whatever. 

7. It follows at once from the definitions that if g is an 
A-group, and s; a substitution of (A), then the first of the { 
relations in § 6, wherein S is now restricted, implies each of 
the others. For Z® is a spécial case of Z; and /ce(s:Z) = 0 is 
fcZ = O witha changed notation. E.g., if Z = ((21, 22, 23, 24) |) 
as above, and 8; = 2123-224, f¢e((z1, 22, 23, 24)|) = 0 becomes, 
on applying s1, fe((zs, 24, 21, 22)|) = 0, which abstractly is the 
same thing; and similarly for A-substitutions, which inter- 
change sets. Clearly the like does,not hold for B-substitu- 
tions. 

Suppose now that feZ = 0. Then this implies /cZ’ = 0, 
as remarked, and this is an invariant relation for the A-group 
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g- We shall call this an improper invariant, it being included 
as a very special case in another relation, /eZ, betweemn k-ads 
on the same variables. We proceed to define proper inva- 
riants of S for g, stating the definition for the general case. 
These express essential invariant properties of S; the im- 
proper, considered as invariants, are trivial, the relations from 
which they follow being more general. 

8. Let F; («= 1, ---, k) denote a system of k algebraic 
forms, not necessarily all of the same orders and degrees, 
with integral coefficients, and consider all the representations 
of a fixed arbitrary integer n in the system 2, 


=: @@=1,---, k). 

Consider first only one of the equations in 2; say it is 
F(wi, we, +++, we) = nm, and suppose it to have precisely ¢ 
distinct solutions.* Let 

(wi) = (w,, w,), 1, 2, t), 

be these solutions. From the integers in one of them, (w,), 
construct w linear homogeneous functions \ with constant 
rational coefficients, some of which may be zeros, 

With the notation at the beginning of § 4 choose 

(21, zo, 2) = (A, --- AL), = 1,2, 2); 
make this substitution in fcZ, fe(s;Z), fcZ® as there (§ 4) 
defined, and denote the results by 

Sor, Se(sir), Sen. 


Returning to the system 2, we proceed similarly with all of 
its equations, forming )’s for each, the coefficients in the )’s 
for the several forms F; not necessarily being the same, and 
getting finally the sums 


Ser, feed), Sern, G=1,---,h, 


where the suffix j signifies that the sums belong to the par- 
ticular equation F; = n, and j in c” distinguishes the con- 
stants in the several f sums. Next sum each of these for 


*It is immaterial whether ¢ is finite or infinite. In this note we illus- 
trate only invariants for 2’s having a finite number of solutions. 


= 
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j = 1 to k, that is, over the entire system 2, and write the 
results 


k k k 
LD Sens, 
j=! j=1 j=! 


=fzch, fzce(siA), 
respectively, or the same with the omission of 2 where it is 
understood. 

Last, let g = 1, 81, ---, 8, be a group whose substitutions 
are unrestricted with respect to (A), (B) on some or all of the 
variables of the Z from which A is derived as above. Then, 
if it be possible to choose the coefficients of the \’s so that 
Je(sA) + 0 for at least one* substitution s, which may be the 
identity, of g, while /cA’ = 0, the latter relation is defined 
to be a proper g-invariant relation, or simply g-invariant, of >. 

9. It can be shown without difficulty that the first of the 
following implies the second, 


+ > JSe(s:A) = 0, = 0, 


all the notation being as in § 8. Indeed this is an immediate 
consequence of the definitions, and we may omit a formal 
proof. Again if y is any subgroup of g, all of whose substitu- 
tions not in y belong to (A), it is easily seen that of the follow- 
ing the second is implied by the first, 
JfeA°=0. 

The like does not hold if any substitution of g not in y belongs 
to (B). We shall say that the g-invariant is contained in the 
y-invariant; and writing these for the moment J,, I, respec- 
tively, symbolize the inclusion thus, J, > I,. If now I, > I;, 
I; > Ig, 1, > I., we have 


and clearly any such series of inclusions contains only a finite 
number of terms. If J, is the last term, viz., if there is no 
group ¢ different from e such that I, > I;, we call J, the 
reduced invariant of [,, Ig, ---, I,. Henceforth invariant 
means reduced invariant. When e is the identity, J, = J, is 
called a unit. 


* If g is an A-group this implies { c(sA) + 0 for every s of g. 


= 
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10. With the notation of § 8, let 
k 
= = foA = 0 
j=! 
be a unit; and let 1, 01, a2, ---, o,-1 denote a set of substitu- 
tions belonging to (A) on the variables of the Z from which 
this J, is derived. Write /cA = 0 in full, 


SrePrA + + + = 0, 
and put 


T= + foc (oir) + See 


We cannot infer J = 0, that is, J = 0 is not a unit invariant; 
but if the o are substitutions of an A-group g which are not 
all contained in a group of order lower than that of g, then 
clearly J = 0 is a g-invariant (proper and reduced) of 2. 
We shall call J = 0 a singular g-invariant of 2. Several of 
the F; in = may be identical. For such > the unit invariant 
J/cA = 0 appears in the form 


+ foc + See 


where the s; are substitutions on the variables of Z. As 
before, we get a singular g-invariant J = 0, where 


J= + Soe (801d) + .--- Svc (8x10 


on choosing 8101, 8202, ---, 8,-10,-1 so that they do not all 
occur in a group whose order is lower than that of g. 

11. Taking any g-invariant for = as a primitive, we deduce 
from it another g-invariant called the derivative of the primi- 
tive, as follows. Let Z be the k-ad from which, as in § 8, 
fceA® = 0 is constructed, and let {;, f2, ---, ¢% be the sets of 
Z. Call f(;) an even or an odd function of {; according as 
f(&) =f(— or = —f(— In each set to the left 
of the bar in Z replace each variable by an arbitrary odd or 
even function of the set in which it occurs, and in each set 
to the right of the bar in Z replace each variable by an arbitrary 
odd function of the set in which it occurs, getting thus a new 
k-ad Z’ which is of the same parity in the variables of Z as is Z. 
Starting from Z’ construct the sum /cA” in precisely the same 
way that feA*’ is constructed, viz., by substituting for the 
z-variables in Z the )’s determined by 2, and summing. 


| 
| 
| 
| 
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Then clearly the first of the following implies the second, 
which is called the derivative of the first, 


fed’ =0. 


Clearly a primitive is neither more nor less general than its 
derivative. Nevertheless a derivative frequently suggests ap- 
plications to specific problems more readily than does the 
primitive. 


12. We write /((z, y)|)” = 0, /((z, y, 2)|)* = 0, ete., under- 
standing that the / sums refer to all (2, y), (x, y, z), «++, the 
x, y, 2, *** in any case being )’s determined as in § 8 for a 
system 2. 

The number of implications increasing rapidly with the 
order of the k-ads, we shall write out the complete sets for 
orders 2, 3 only.* 

Consider now the following tables. 

(1) ((z,y)|): (yl), (lz, y). 
(II) (\(z,y)): (ely), (yz). 
(IIT) ((,y,2)|): @ 2)|), (la & 2); 
(y, (z,2)|), (ly, @, 2)); 
(z, (@,y)|), (lz 
(z,y,2|), (zlyz), (lz 2), (lz, y). 
(IV) (|@y2)): @l@2), (@,2)|2); 
(y|(,2)),  ((z, z)|y); 
(z|(a,y)), (@y)|2); 
(\z,y,z), (y2z|z), (2ly), (yz). 


The meaning of these will be seen from the first row of (III). 
It is: f((z, y, z)|)? = 0 implies f(a, (y, z)|)?=0 and 
S(\2, (y, z))® = 0; and inversely the last two together, but 
neither singly, imply the first. Similarly for the. pairs and 


* A systematic rule for deducing all the implications for order k will be 
evident on reading § 9, p. 319, of a paper in this BULLETIN, vol. 25, 1919. 
A proof of the general theorem for units is given in the Introduction to 
Part 1 of ‘ Arithmetical paraphrases,” presented to the Society, Oct., 
1918, and the result for J,, g + 1, follows at once from this. § 13 is also 
proved (in much more general form) in the same place. 


| 
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set of four in the remaining rows of (III); likewise for (I)—-(IV). 
For a monad invariant of parity (4|), /((z, y, z, w)|)” = 0 
implies f(z, (y, z, w)|)? = 0 and f(|z, (y, z, w))® = 0; thése 
together imply the original; and from (I)-(IV) the complete 
set of implications may be written out for order 4, parity (4]). 
For /(|(z, y, z, w))? = 0 the first pair of implications is 
S(x\(y, z, w))” = 0, S((y, z, w)|xz)* = 0; and the procedure 
for monads of parities (k|), (|k) is evident. By the notation 


SS((@, y, 2) |)? = 0 


we shall mean the complete set of eleven invariants written 
down from (III) by replacing ((z, y, z)|) in f(z, y, z)|)? = 0 
by each of the eleven dyads and triads in (III), and similarly 
for order k. 

13. It remains to indicate the connection of these invariants 
with the theta and allied functions. From any identity be- 
tween such functions in the variables a, B, ---, y, we deduce 
trigonometric identities in a, 8, ---, y, of which the following 
is one type, 

Zc cos (ra + yB + --- +2y) = 0, 


the summation referring to the constants c and the integers 
2, y, ++, 2, the latter being the d’s of §8. It can be proved 
without difficulty, but at some length (cf. §12, footnote) 
that this trigonometric identity implies fe((a, y, ---,z)|) = 0. 
If the identity involves sines instead of cosines, we get 
S(\(@, y, +++, 2)) = 0. Groups enter either ab initio in the 
irreducible form of the theta identity, giving rise to trigo- 
nometric identities that are invariants under substitutions 
on the a, 8, ---, y, or in the derivation of singular from unit 
invariants as already indicated. 

The following examples, the last of which is numerical, 
illustrate the principal definitions. 

14. (i) As a first example let = (§ 8) be the single equation 


2m = + + m3? + m2, 


wherein m is odd, 1,, 2 even 50, m3, ms odd =0; write 
(| (x, y, 2, w))? = {a, y, z, w} where g is the four group in § 3; 
an 


20=h+h+ms+ m, wi =o— wi. 


| 
| 
| 
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Then the theta identity in § 3 leads to a trigonometric identity 

(on equating coefficients of g’") which, as indicated in § 13, 

paraphrases by means of §§ 13, 12 into the set of invariants 
Sith, Ma, “ws {A1, M3, Ma, 0. 


(ii) Similarly, from one of Kronecker’s forms of the “ equa- 
tion of three terms,” * for g = 1, yzw, ywz, and ((z, y, z,-w) |)” 
= {z, y, z, w} we get when 2 is the equation 

4n = my + m,? + m3? + 
where m2, m3, m, are odd =0, on writing 24 = m+ 
+ m3 + m4, the invariants 
SS(— 1)* {my + me, m, — me, m3 + M4, — = O. 


(iii) From one of Briot and Bouquet’s forms of the same 
equation,{ we find for the same 2, g, the invariants 
SS(— 1)*{m + ms, me + Mz, mM + Me, Mz + M4, M3 — M4} = O, 
where now ((u, 2, y, 2, w) |)? = {u, v, y, 2, w}; ais either wore 
and these are 


24 = m+ m+ 2= mM. 


(iv) From the same source, for = as in (i), and g, {u, 2, y, 
z, w} as in (iii), 


20= m+ 2v+1=h+ 
1)* {4+ m3, lz + ms, + le, m3 + ms, m3 — = 0, 


where £ is p, o or v. 
(v) From the same scurce, for > the system of three equa- 
tions, m odd, 


2m = Uy? + = + Ug? + = 23? + ys? + Us? + 237, 
U1, V1, Us, V2, Uz, V3 Odd =O, we, x3, ys even =O, and g, { } 
as in (iii), 2u; = u; + »;, we find 
SI(— I)" {u, 0, w, %1, — 

+ (— 1)"*{ys + us, + ys, 23 + Us, Ys + U3, Ys — 

+ Sf(— 1)"[{ue, 22, 22 + Us, V2, — V2} 


+ {x2 + Us, X2, Us, + X2}] = 0. 


* Crelle, vol. 102, p. 262 (F) 
+ Théorie des Fonct. ellip. (éd. 2, 1875), p. 488. 


| 
| 
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(vi) The identity, with ¢:(z, y) = + y)/do(z) do(y), 
Bo(x) Bo(y) Bo(z) y) = + y), a? 


on expanding ¢1(z, y) in a Fourier series and paraphrasing as 
outlined in (i), gives invariants for another kind of 2, viz., 


2m = 2° + + + = 22? + Un? + 


where 2}, ¥1, 21, 22 are even 0, 01, U2, v2 odd, > 0, 
U2, V2 =0; 


1)*{a1 + 21, + (> 1)* {u2, 22, U2}] = 0, 
where {z, y, z} = (|(z, y, z))*, = 1, xyz, and 
2Za=atnt 28 = 22 + Ut 


(vii) From (vi) we get, in the same notation except g, the 
following invariants for g the symmetric group on 2, y, z, 


1)*{a1 + yr + 01, 21} + (— ue, = 0. 
(viii) Putting, for the m’s odd = 0, the /’s even = 0, 
Mi = M2, pe = M3+ Ms, = M3 — M, 
u=h+h, w= B+h, 
= ™+ M3, = M2 + Mz, 
M=h+h, ls, 


we get (from the same source as (iii)) singular invariants for 
the system 


4n = + + + me = 1? + 1? + 1? + l/, 
2u = m, + m + m3 + m, 


on writing {z, y, z, u, v} = ((2, y, 2, u, v)|)%, as follows: 


SI(- 1)* {us, Me, Miy M4; bs} + {Az, Ms, de, A, As} 
Az, AL Nay As}] = 0, 


for g the octic group generated by zz, yu; for g the tetrahedral 
group generated by zyz, zy-2u, a precisely similar {f with the 
suffixes of the respective { }, in this order, 23145, 13425, 
23145; for g the octahedral group generated by zy, yzu, the 
like with suffixes 21345, 32415, 23145; and for g the icosahedral 


= 
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group generated by zy-zu, xzv, the like with suffixes 21435, 
21543, 23145. 

(ix) As a numerical example, we take the invariant, from 
the same source as (vi), for g = 1, zy, and {x, y} = (|(x, y))*, 


ES y:}+(— 1)* Ze || = 0; 


2m = + 421)? = + 227, 


m odd, 21, y1, 22, y2 odd > 0, arbitrary 50; odd =0; 
A= 2, 2u= Let m= 5; then all the solutions of 
2 are 


¥1, 21) = (1, 5, 0), (5, 1, 0), (1, 3, 1), (3,1, +1); 
(x2, Yo, 22) = (1, 9, + 1), (9, 1, + 1), (1, 1, + 3), (3, 3, +1). 
Whence, substituting in the left of the invariant, and dropping 
the //, we get 
2[{1, 5} + {5,1} — {3,3} — {5,1} — {— 1,3} — {1,1}] 
— {-—1, — 1} + {3, — 1} + {3, 3} — {— 3, — 3}]. 


Since {z, y} belongs to g, {x, y} = {y, x}; hence the sum 
reduces to 


By §12 (ID this should vanish when {z, y} is any one* of 
({(z, y)), (zly), (y|z) each belonging to g. Taking the first 
of these we have {— 1, — 5} = (|(— 1, — 5)) = — (|(1, 5)), 
so that the first [ ] = 0; similarly in this case for the others. 
Verifying for (x|y), we have (— 1|— 5) = — (1|5); hence 
the first []=0; the third = (— 1]3) + (1]— 3) = (1[3) 
— (1/3) = 0; the fourth = (1/1) + (— 1]— 1) = (1]1) 

— (1]1) = 0. The verification for (y|z) is similar. 

UNIVERSITY OF WASHINGTON. 


*The cases of (xy), (y|z) are trivial in this instance, because it is 
ppd seen that each vanishes under the given conditions for all values 
of 2, y. 


[{1, 5} (= 5}] [{3, 3} {= 3; = 3}] 
| — [{-— 1, 3} + (1, — 3}] 1} + {- 1, — 
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MATRICES AND DETERMINOIDS. 


Matrices and Determinoids. By C. E. Cutis. University 
of Calcutta Readership Lectures. Cambridge University 
Press, Vol. I, 1913, xii + 430; Vol. II, 1918, xxiv + 555 pp. 
Tuis treatise was designed to occupy two volumes of theory 

and one of applications to vector analysis and invariants. 
The growth of the manuscript however has brought about 
three volumes for the theory and one for applications. Con- 
sequently the present volume instead of closing the theory 
leaves it still incomplete. The third volume of theory is to 
include the theory of matrices with functions as coefficients, 
if we read the indications correctly. 

The greater part of the first volume is devoted to the notion 
of determinoid and theorems connected with this. The 
matrix itself is studied mainly in connection with the notions 
of addition, subtraction, and multiplication. A study of the 
solution of matrix equations of the first degree, which includes 
systems of linear algebraic equations, also is included in this 
volume. 

The second volume deals with compound matrices, the 
minors of a matrix, some properties of square matrices, rank 
of a matrix, transformations of a matrix, equations of the 
second degree, extravagances of matrices, paratomy and 
orthotomy of matrices, and three appendices. 

As has happened in treatises from some Cambridge mathe- 
maticians, a great addition to the existing mathematical 
vocabulary is to be found in this treatise. Whether so many 
new terms are necessary of course remains to be seen in their 
developmental use. One’s first impression is, however, that 
the matter is overdone. Some of them are descriptive enough 
to explain themselves to some extent, but others are manu- 
factured for the occasion and only to be understood by refer- 
ence to the text or a glossary. There is a complete and syste- 
matic notation throughout, which is highly desirable, and 
after one has accustomed himself to its method, it is quite 
intelligible, though successive abbreviation renders it more 
and more compact. 

Definition of Matriz.—The author follows the usual custom 
and defines a matrix as an assemblage of m rows of n elements 
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each (where m and n are finite for the purposes of this treatise), 
the elements being numbers in the cases actually considered, 
and so far as one observes chosen from the real domain usually, 
but sometimes from the complex domain. The number of 
rows m is the horizontal order, and the number of columns n 
is the vertical order. The smaller of these two numbers if 
unequal, or either if equal, is the efficiency of the matrix, 
which is thus the order of the maximum determinants that 
may be formed from the elements of the matrix. Long rows, 
short rows, leading element, leading line or diagonal, leading 
vertical row, and leading position, are self-explanatory. 
Regarding this definition the reviewer desires to make some 
comments which apply also to the definitions usually given of 
vector, tensor, etc. In the first place the term assemblage of 
elements almost invariably leaves out a highly essential phrase: 
in a certain prescribed order. For instance if the element 2 
occurs in any of these entities it has a very different réle 
when it is the first element, or the third element, or the second 
of the third set, etc. This is obvious. Hence the mere 
assignment of the values of the elements does not define 
uniquely the entity, whether matrix, vector, or similar 
entity. If one speaks of the vector (2, 3, 4) he tacitly implies 
certain notions: namely, what the position of the 2 signifies, 
the position of the 3, and the 4. The position is actually of 
more importance than the element in most problems. The 
definition of a vector as a triple of elements is not sufficient, 
nor is the definition of a matrix as an m-tuple of n-tuple sets. 
There seems to be then no valid reason why the qualitative 
element which designates the réle of the numerical element 
should not be put in evidence. For instance, the vector above 
should be written + + 46, the a, being qualitative 
elements, hypernumbers of a unitary character. Likewise 
a matrix is expressible completely by the sum 2a;; \,;, where 
i=1,2,...,m;j=1, 2,..., . The hypernumbers 
d indicate the position and the réle of the coefficients. By thus 
placing such “assemblages” in the domain of linear algebras, 
where they properly belong, the whole treatment becomes 
simple and clear. Particularly the multiplication of matrices 
is set forth in a much more brilliant light. Further it should 
be noticed that a matrix of m long rows and n short rows is as 
much an assemblage of m vectors in an n-dimensional space, 
or of n vectors in an m-dimensional space, as it is of mn-ele- 
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ments. A matrix may be looked upon as a linear homogeneous 
substitution, which converts certain variables into others, or it 
may be considered as a linear vector operator which converts 
all vectors from the origin into others from the origin, or it 
may be considered as a dyadic, the sum of several dyads,— 
all useful definitions and yielding very important results. 
As a linear vector operator the particular elements entering 
the matrix are not of so much importance as other features of 
the matrix. Certain combinations of the elements are in- 
variant, however, in various representations of the linear 
vector operator, or certain transformations of the matrix 
considered as an aggregate of elements. These combinations 
are of great importance. There are other matrices, which 
have been called covariants of the given matrix, which play a 
very important part in the theory, when we consider the matrix 
as an operator. 

These considerations lead us to conclude that the mere 
assemblage of mn numerical values out of whose combinations 
various forms arise subject to a large variety of theorems is 
far from being the whole story. 

Determinoids.—By determinoid the author means a sum of 
all the maximum determinants with specified signs that can 
be formed from the array of elements. Of course if the array 
is square there is but one such: the determinant of the matrix, 
as usually understood. If the matrix is rectangular, there 
must be assigned a rule for the addition of the maximum deter- 
minants, and many pages are devoted to the exposition of 
this rule in various forms, and to various modes of writing 
out the expansions of the determinoid. 

Again the reviewer would remind the reader that out of the 
mn elements of a matrix an unlimited number of numerical 
combinations may be formed according to assigned rules, and 
the only question proper with regard to them is whether they 
are useful. Of all combinations those which are linear in 
the elements of each line or column would naturally be sug- 
gested as the most useful. Of these the products which are 
such as to have a number of factors equal to the order of 
efficiency of the matrix, would take priority. Products of 
elements chosen one from each of several different lines are 
called by the author derived products. If the efficiency is r 
and products of order r are formed in every possible manner 
from the elements of the matrix, so that no line is represented 
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twice in any one product, the sum of these products with 
arbitrary coefficients would be one of the useful combinations 
spoken of above. But the choice of the arbitrary coefficients 
would have to be governed again by some pragmatic principle. 
If they are all taken equal to + 1 then the whole combination 
has a symmetry easily seen. If half are chosen properly 
positive and half properly negative, there is a skew symmetry. 
In each maximum minor we have such skew symmetry. 
The author was evidently aiming at some such result in his 
choice of coefficients for the derived products in forming his 
determinoid. But an examination of the theorems relating 
to determinoids, which he seems to think will be useful for the 
applications, makes it evident that to a large extent the coeffi- 
cients of the maximum minors could just as well have been 
arbitrary and the theorems would still hold. We must then 
feel rather doubtful as to the utility of the determinoid when 
it is not a simple determinant. 

To understand just what happens we may have recourse to 
the qualitative units. The elements of the row may be looked 
upon as defining a vector a,. For simplicity we will suppose 
that the efficiency is m. Then if we set up a multiplication 
of these vectors by means of an alternating multiplication of 
the qualitative units 4, @,..., €: (as is often done in 

! 

Scott’s Determinants, for instance), this will be an a 

m! (n— m)! 
vector, of class m in a space of n dimensions, whose coordinates 
(coefficients) are the maximum minors of the matrix. As an 
alternating expression this product has certain properties and 
these are the properties which are to be found in the deter- 
minoid. For instance the addition of a long row to another is 
equivalent to adding one of the vectors to another, which will 
not affect the product. The determinoid itself is the scalar 
product of this alternating product and another vector of the 
same order, whose coefficients are + 1 and — 1 chosen ac- 
cording to the rules previouly laid down. Any other vector 
of this order might in most cases as well have been chosen. 
We may reach the reciprocal matrix also with these alter- 
nating products, for if we construct a vector 6; of order 1, 
linear in the arbitrary vectors , Am, any chosen set 
of m linearly independent vectors, the coefficient of \; being 
the scalar product of the alternating product of a, .. ., 
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where j runs from 1 to m, and signs follow a determinant rule, 
then these vectors §;, . . . , Bj, . . - , Bm, define the reciprocal 
matrix. In the case actually chosen the vector which is used 
to give the determinoid is also chosen as a sum of alternating 
products of m out of n vectors. Any arbitrary vector of the 
same order would do. In the case of a square matrix of course 
these all become multiples of a single unitary one, and the 
reciprocal of the square matrix which is not singular is there- 
fore unique. Professor Cullis gets a unique reciprocal in the 
rectangular case only because of his special choice of the 
vector which gives the determinoid. By leaving this choice 
open for different problems he would have arrived at a much 
more flexible system. The product of a matrix and its recip- 
rocal is of course the mth power of its determinoid. This 
would be true for any choice of the arbitrary vector. 

Products of Matrices.—The elements of a product are formed 
by combining corresponding elements from the rows of the 
prefactor and the columns of the postfactor. These are 
the active rows of each respectively. The vertical rows of the 
prefactor and the horizontal rows of the postfactor are the 
passive rows. The passivity of either factor is the number of 
passive rows it contains. This is evidently a function of its 
place as prefactor or as postfactor. When the passivities are not 
equal they are made so by the adjunction of lines of zeros to the 
matrix with the smaller passivity. The product will then 
have the same number of horizontal rows as the prefactor, 
and vertical rows as the postfactor. The product of two 
vectors usually called their scalar product, can now be defined 
as the determinant (or determinoid equally in this case), of 
the product of two matrices, the first with one row, the second 
with one column. We may instead of inserting lines of zeros, 
strike out the redundant horizontal rows of the second or the 
redundant vertical rows of the first, and reach the same pro- 
duct. The latter method is preferable since it makes evident 
at once the rule for the cancellation of factors in a product 
which vanishes. This rule is stated for the most general case 
in these terms: The equation AXB = 0 leads to X = Oasa 
necessary consequence, when and only when the ranks of A 
and B are equal to their passivities in the given product AXB. 
From this we have that AX = AY leads to X = Y, as a 
necessary consequence, when and only when the rank of A 
equals its passivity in AX and in AY. And finally AXB = 
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AYB leads to X = Y, as a necessary consequence, when 
and only when the ranks of A and B equal their passivities in 
the two products. On the basis of these theorems we can 
proceed to solve linear equations in matrices or sets of linear 
equations in n variables, for these are reduced to linear matrix 
equations. For instance the system 


aja; = b;, (i = 1, m), 
j=1 
becomes the matrix equation 
= |b, n). 


Compound Matrices.—These are defined and treated in the 
second volume. The notations are generalizations of those 
of the preceding volume. A compartite matrix is one whose 
elements all vanish except those belonging to a number of 
mutually complementary minors. By interchanging rows 
and columns it can always be brought to a form in which there 
are minors (usually rectangular) which form a diagonal set, 
all others being zero. This is called the standard form. 
The rank of a compartite matrix is the sum of the ranks of its 
component parts. The conjugate reciprocals of certain 
compound matrices are considered, the results being of use 
later. The primaries of the minor determinant A, of order r, 
in a matrix of orders m, n are the minors of order r which 
differ from A in only one row, the horizontal primaries differing 
in one horizontal row, the vertical in only one vertical row. 
The primary superdeterminants of a minor A of order r are 
all the minors of order r plus one which contain A as a minor. 
There are several theorems on the possible ranks of a matrix 
containing a given minor. 

Relations between the Elements and the Minors.—In this 
chapter a quite considerable number of identities will be found, 
deduced for the most part by a skilful use of a matrix and its 
conjugate reciprocal. Many of them are identities well 
known in generalized vector analysis. In fact if we consider 
that the matrix of n short rows and m long rows is an aggregate 
of n vectors in an m-dimensional space, we can at once derive 
many of the formulas. Sylvester’s identities satisfied by 
those primary superdeterminants of one determinant A which 
lie in another determinant D containing A are included in the 


i 
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list. There is also a consideration of equivalent matrices, 
that is, matrices A, B such that A = BC or A = CB, whtte C 
is an undegenerate matrix. These are used in‘the theorem 
that two systems of r unconnected linear equations on n 
variables which both have finite solutions are mutually equi- 
valent when and only when the related matrices of coefficients 
are equivalent. 

Square Matrices.—A large part of this long chapter is 
devoted to the properties of the square matrices whose ele- 
ments are the minors of order r of a given matrix. We find 
such terms introduced as, co-joint matrices: each consisting 
of the minors which are complementary to the minors that 
constitute the other; corresponding and anti-corresponding 
minors: corresponding minors being formed in the same manner 
from corresponding elements of co-joint determinants, anti- 
corresponding minors being each the cofactor in one of two 
co-joint matrices to the minor corresponding to a given minor 
in the other. Several theorems are given relating to these 
matrices. Matrices that are formed by bordering a given 
matrix are studied. Reciprocal matrices give several theorems. 
Symmetric matrices and skew-symmetric matrices have some 
pages each. However, the whole subject of the characteristic 
equation of the matrix, the general equation, the scalar in- 
variants, the related matrices, which the reviewer has called 
the chi functions of the matrix, are not even mentioned. 
Indeed after going over some 600 pages of the author’s treatise, 
with the expectation that somewhere the matrix as an operator, 
not necessarily a linear substitution, but only an operator on 
other matrices, will be treated, one finds with disappointment 
that apparently this phase of the subject is not to be found in 
the author’s scheme of development. The reduction of a 
matrix to its canonical form, the subject of elementary di- 
visors, and all related topics are not mentioned. Perhaps the 
succeeding parts of the treatise will remedy this serious defect, 
but no hint that this will happen is given. The nearest ap- 
proach seems to be in Chapter XVI, which deals with the 
equigradient transformations of a matrix with constants for 
elements. 

Equigradient Transformations of a Matriz.—A transfor- 
mation of this kind is equivalent to the transformation linearly 
of the variables in a bilinear form corresponding to the matrix. 
The greater part of the chapter is devoted to a consideration 
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of the various transformations that will reduce the matrix to 
a matrix consisting of square matrices down the main diagonal, 
other elements being zero. This corresponds of course to the 
reduction of the corresponding system of linear equations to a 
system which is reduced. In particular, symmetric matrices 
reduced to symmetric matrices are studied. The signants of 
the matrix are defined, and the matrix is called indefinite 
when there is both a positive signant and a negative signant, 
otherwise definite. The invariants of such transformations 
are not mentioned, nor is the significance of the transfor- 
mation made clear. 

Matrix Equations of the Second Degree.—The types considered 
are of course very special. We find equations of the un- 
symmetric forms 

XY = AB, XY=C. 


All others considered are symmetric, such as, for instance, 
X’'X = I, where X’ is the transverse (conjugate) of X, and J 
is the identity matrix; X’X = A’A, X’X = C, X’AX = C. 
The case X’X = I evidently gives the orthogonal, unitary 
matrices. This is solved in full in the sense that methods are 
given by which any number of special solutions may be con- 
structed. An application is given to the rotations of a rigid 
body in three-dimensional space. 

The Extravagances of Matrices.—The degeneracy of a matrix 
of rank r is the number by which its rank falls short of its 
efficiency, that is the number of long rows it contains. Or 
in other words, if a matrix is given by a set of vectors in a space 
of m dimensions (called a spacelet in the text) and its rank 
r is less than m, m — r is the degeneracy of the matrix. The 
extravagance of an undegenerate matrix of rank r is the de- 
generacy of the self-transverse product of the matrix and its 
transverse. The extravagance is never negative nor more 
than the rank, nor more than the order minus the rank. An 
extravagant matrix is such that the sum of the squares of all 
its maximum minors is zero, that is to say, if we consider that 
the matrix is given by m vectors of an n-dimensional space, 
and form the alternant Amaia, . . . Om, the tensor or absolute 
magnitude of this vector is zero. A real undegenerate matrix 
evidently has zero extravagance. A completely extravagant 
matrix has extravagance equal to its rank. A matrix is 
plenarily extravagant when its extravagance is equal to the 
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difference of its orders. Matrices are mutually orthogonal 
when the product of one into the transverse of the other is 
zero, and mutually normal, when mutually orthogonal’ and 
also with ranks whose sum is n, the number of short columns in 
each. These terms lead to several theorems, and these to 
theorems as to spacelets. In a space of n dimensions these 
notions are connected with the absolute quadric. 

Paratomy and Orthotomy.—A matrix of rank r may be con- 
sidered to be an assemblage of vectors in a space of order r, 
called a spacelet, and if two spacelets have a spacelet in com- 
mon as their intersection, then its rank is the mutual paratomy 
of the two. The mutual orthotomy is the degeneracy of the 
product of one matrix into the transverse of the other. There 
are several theorems involving these numbers, and these have 
evident applications to spaces of different dimensions. 

The reviewer has endeavored to give as briefly as possible 
the main features of the treatise so far as it has been published, 
although the very large number of theorems and develop- 
ments make this a difficult thing to accomplish. There 
remain to be added only a few general comments. The 
treatment is complete in the sense that it appeals to no other 
discipline for its methods or its proofs. Where vectors might 
have been used as operands they are always one-rowed matrices. 
One might question whether the same theorems might not 
be reached by other methods in less space and with much 
more direct connection with the field of applications. The 
reviewer believes that a judicious use of a generalized vector 
analysis (such as has been reported on in other places) would 
assist very much. However the author of a treatise must be 
permitted to develop it along his own lines and the really 
proper question is whether he succeeds in doing what he 
sets out to do, as he desires to do it. Of this there seems 
little doubt in considering the present treatise. If the re- 
mainder of the work is as full of useful theorems and ap- 
plications, the completed treatise will remain for a long time 
a valuable place of reference. It is to be hoped that a com- 
plete bibliography will be added to the final volume, as -well 
as a glossary. There are omissions which may be supplied 
in later volumes. For instance no work on matrices can 
be complete if it leaves out the consideration of the in- 
variant regions, the projective regions, the shear regions of the 
matrix, the elementary divisors, the scalar and vector and 
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matrix invariants, the connection with dyadics and linear 
substitutions, the related triadics, polyadics, etc. This is a 
very extended field with numerous ramifications, and a com- 
plete treatise is in duty bound to consider these. On the side 
of determinants, which is the really major part of the treatise, 
one might insist on a consideration of the numerous special 
forms of determinants. The related matrices have interesting 
properties. Then finally the whole subject of groups of mat- 
rices leading to the field of linear associative algebra needs 
consideration, as well as the modern developments in the 
study of infinite matrices. There does not seem to be any 
indication that these are to be treated at all. 

The treatment is quite detailed, with numerous numerical 
examples, rather loose in its development, and lacking in 
synthesis, so that the reader becomes bewildered with the 
multitudinous formulas and other details. A synopsis of it 
would be useful. There are some errors easily noticed 

JAMES SHAW. 


NOTES. 


THE seventy-second meeting of the American association 
for the advancement of science was held at St. Louis, Decem- 
ber 29 to January 3, under the presidency of Dr. Smmon 
FLEXNER. Professor O. D. KELLOGG was vice-president and 
Professor F. R. Movtron secretary of Section A. The 
address of Professor G. D. BrrkuHorr, as retiring vice-pres- 
ident of Section A, on “Recent advances in dynamics,” was 
delivered on December 30. This address was published in 
Science of January 16. Professor D. R. Curtiss was elected 
vice-president of Section A for the next two years. Amung 
the societies meeting at St. Louis in affiliation with the 
Association were the Chicago and Southwestern Sections of 
the American Mathematical Society and the Missouri Sec- 
tion of the Mathematical] Association of America. 


Tue fifth annual meeting of the Mathematical Association 
of America was held at Columbia University, New York City, 
on Thursday and Friday, January 1-2, immediately following 
the annual meeting of the American Mathematical Society. 


= 
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The attendance included 107 members. The programme on 
Thursday included the following papers: “Mathematics for 
the physiologist and physician,” by H. B. Witu1ams; “The 
regular solids and the types of crystal symmetry,” by P. L. 
SaurEL; “The mathematics of physical chemistry,” by G. B. 
PecramM; “The mathematics of biometry,” by L. J. Reep, 
and “An experiment in conducting freshman mathematics 
courses,” by F. B. WiLEy; on Friday morning, a preliminary 
report of the National Committee on Mathematical Require- 
ments, by J. W. Youne, and “Mathematics for students of 
physics,” by Le1icH Pace. At the business meeting on Friday, 
Professor D. E. Smita was elected president, Professors 
A. Merrit and E. J. Witczynski vice-presidents, 
and Professors R. D. CarmicHaEL, E. R. Hepricx, H. E. 
SLAuGHT, and J. W. Younc members of the Council to serve 
until January, 1923. The Association held a joint dinner with 
the American Mathematical Society on Wednesday evening, 
December 31, at Students Hall, Barnard College. 


According to its annual List of Members, issued November, 
1919, the Mathematical Association of America then had a 
total membership of 1,187, including 87 institutional members. 
At the December meeting 75 new members were elected. 


THE opening (January) number of volume 21 of the Trans- 
actions of the American Mathematical Society contains the 
following papers: “The strain of a gravitating sphere of 
variable density and elasticity,” by L. M. Hoskins; “The 
geometry of hermitian forms,” by J. L. Cootipce; “Certain 
types of involutorial space transformations,” by F. R. SHARPE 
and VirGit SNYDER. 


THE concluding (October) number of volume 41 of the 
American Journal of Mathematics contains the following papers: 
“The ten nodes of the rational sextic and of the Cayley 
symmetroid,” by A. B. Coste; “Functions of matrices,” by 
H. B. Pars; “On the Liiroth quartic curve,” by Frank 
Mortey; “On the order of a restricted system of equations,” 
by F. F. Decker; “On the Lie-Riemann-Helmholtz-Hilbert 
problem of the foundations of geometry,” by R. L. Moore. 


Five German publishers of scientific works, G. J. Géschen, 
J. Guttentag, G. Reimer, K. J. Triibner, and Veit, have united 


| 
| 


1920. ] NOTES. 235 


in a single firm, the Vereinigung wissenschaftlicher Verleger, 
Walter de Gruyter und Compagnie, Berlin and Leipzig. The 
Berlin address is Genthinerstrasse 38, Berlin W. 10. This 
firm will continue the publication of the Jahrbuch iiber die 
Fortschritte der Mathematik. 


Proressor L. BERZOLARI, of the University of Pavia, and 
Colonel A. Crocco, of the Aeronautic Institute of Rome, have 
been elected corresponding members of the R. Accademia dei 
Lincei. 


ProFressor E. DANIELE, of the University of Catania, has 
been appointed professor of rational mechanics at the Uni- 
versity of Modena. 


Sir J. J. THomson has been elected foreign associate of the 
Paris Academy of Sciences, in place of the late Professor J. W. 
R. DEDEKIND. 


Mr. G. H. Harpy, fellow and mathematical lecturer of 
Trinity College, Cambridge, has been appointed to the 
Savilian professorship of geometry at Oxford University. 


Dr. J. ProupMaAN has been appointed professor of applied 
mathematics at the University of Liverpool. 


Proressor A. G. WeEssTER, of Clark University, has been 
elected honorary member of the Royal Institution of Great 
Britain. 


Proressor L. D. Ames has been made registrar and Mr. 
ELBERT ALLEN instructor in mathematics at the University 
of Missouri. 


At Teachers College, Columbia University, Professor C. B. 
Upton, of the department of mathematics, and secretary of 
the college since 1911, has been appointed provost. 


Mr. R. M. Barton has been promoted to an assistant pro- 
fessorship of mathematics at the University of Minnesota. 


Dr. H. E. Wore has been appointed assistant professor 
of mathematics at Indiana University. 
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Proressor L. S. SHIvety, of the department of mathe- 
matics at Mount Morris College, has been made presidetit of 
the college. 


Mr. T. W. Jackson has been appointed head of the depart- 
ment of mathematics at Jamestown College. 


Mr. F. C. Kent has been promoted to an assistant pro- 
fessorship of mathematics at the Oregon Agricultural College. 


Mr. W. H. Suerk has been appointed professor of mathe- 
matics at the University of Buffalo. 


Dr. T. McN. Simpson has returned from Y. M. C. A. 
service in France and has been appointed professor of mathe- 
matics at Randolph-Macon College. 


Mr. L. H. Rice, of Tufts College, has been appointed in- 
structor in mathematics at the Massachusetts Institute of 
Technology. 


Mr. H. L. Otson has been appointed instructor in mathe- 
matics at the University of Wisconsin. 


Mr. Norman ANniNG has been appointed instructor in 
mathematics at the University of Maine. 


Tue following instructors in mathematics have been ap- 
pointed at Purdue University: G. D. James, T. S. Ratrorp, 
and R. S. UNDERWOOD. 


Proressor V. Rema, of the University of Rome, died 
November 9, 1919, at the age of fifty-three years. 


Proressor E. MILLosewicu, of the observatory of the 
Collegio Romano, died December 5, 1919, at the age of 
seventy years. He was a national member and the secretary 
of the R. Accademia dei Lincei. 


Proressor A. Hurwitz, of the Polytechnicum of Zurich, 
died November 18, 1919, at the age of seventy years. 


| 
| 
| 
| 
| 
| 
| 


1920. ] NEW PUBLICATIONS. 237 


Proressor L. G. WELD, director of the Pullman school of 
manual training, died November 28, 1919. Professor Weld 
had been a member of the American Mathematical Society 
since 1892. 


PRESIDENT R. C. MacLauRIn, of the Massachusetts Insti- 
tute of Technology, died January 15, 1920. Dr. Maclaurin 
had been a member of the American Mathematical Society 
since 1908. 


Book CataLocuEs: Macmillan Company, catalogue of 138 
books on mathematics and astronomy. 


NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 


Bouticanp (G.) Cours de géométrie analytique. Paris, 1919. 
8vo. 421 pp. - 10.00 


Cuapier (F.C.). Sur les surfaces minima ou élassoides. (Thése, Paris. rs 
Paris, Gauthier-Villars, 1919. 4to. 63 pp. Fr. 3. 


Frep.er (W.). See Satmon (G.). 


GALEMBERT (—. DE). Nouvelles méthodes de résolution des équations du 
3e dégre. Paris, Vuibert, 1919. S8vo.. 22 pp. 


Kiepert (L.). Grundriss der Differential- und Integralrechnung. Iter 
Band: Differentialrechnung. 13te Auflage. 1918. M. 20.00 


MonTEssvs DE BALLORE (R. DE). Introduction 4 la théorie des courbes 
gauches algébriques. Paris, Croville-Morant, 1918. 4to. 112 pp. 


Runce (C.). Vektoranalysis. lter Band: Die Vektoranalysis des 
Raumes. Leipzig, Hirzel, 1919. 8 


Satmon (G.). Analytische Geometrie des Raumes. Deutsch von Ww. 
Fiedler. 2ter Teil: Kurvenim Raum. 3te Auflage. 1916. M. 24.00 


Scuerrers (G.). Lehrbuch der Mathematik. Eine Einfithrung in die 
Differential- und Integralrechnung und in die analytische i 
3te Auflage. 1916. M. 29.90 


Tuomas (R. G.). Applied calculus. Principles and applications; essen- 
tials for students and engineers. New York, Van Nostrand, 1919. 
12mo. 500 pp. $3.00 


Turc (A.). Introduction élémentaire 4 la géométrie Lobatschewskienne. 
Ouvrage posthume. Genéve, Kiindig, 1919. 8vo. 170 pp. Fr. 3.50 
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Il. ELEMENTARY MATHEMATICS. 
Auten (F.). See Tarzor (E. H.). 
BrHRENDSEN (O.) und Gérrine (E.). Lehrbuch der Mathematik nach 
modernen Grundsitzen. Ausgabe A, fir G ien. Unterstufe. 
3te Auflage. Leipzig, Teubner, 1917. 8+ Geb. M. 3.20 


Buck (R. C.). A = of trigonometry. Sandie: Griffin, 1919. 
12mo. 8 + 133 3s. 6d. 


Downapt (A.). (H. B.). 


Fratrini (G.). Lezioni di algebra, geometria e trigonometria piana e 
sferica, con molti esempi sull’intero programma del secondo biennio 
degl’istituti tecnici. Volume 1, per la terza classe. 4a edizione. 
Torino, G. B. Paravia (Roma, tip. Nazionale, Bertero), 1919. 8vo. 
236 pp. L. 6.00 

GENTLEMAN (F. W.). See Vossurcs (W. L.). 


Grutiani (G.). Elementi di trigonometria xine, ad uso dei licei e degli 
istituti tecnici. 2a edizione. Torino, G. Chiantore, 1919. 8vo. 47 
pp. L. 2.50 
Gértine (E.). See BeEHRENDSEN (0O.). 


Hammer (E.). Lehr- und Handbuch der ebenen und sphiarischen rae 
metrie. 4te Auflage. 1916. 9.00 


Hsetmsitev (J.). Geometriske Eksperimenter. Kgbenhavn, Gijellerup, 
1919. 


Jorpan (W.). Tafeln fiir neue (zentisi- 
male) Teilung mit 6 Dezimalstellen. 2te Auflage. 1916. M. 14.40 


Lesser (O.). See Scuwas (K.). 


Lissen (H. B.). Ausfiihrliches Lehrbuch der Elementargeometrie. Zum 
Schul- und Selbstunterricht mit Ricksicht auf die Zwecke des prak- 
tischen Lebens. In 2 Teilen. Neubearbeitet von A. Donadt, mit 
einer Anleitung zum perspektiven Zeichnen. 3lte Auflage. wials. 


Martini (Z. A.). ra complementare. 3a edizione. (Biblioteca 
degli Studenti.) ivorno, R. Giusti, 16mo. 12 + 


af 


Morvan (J.). Lebaréme pratique. Méthode compléte de calculs sd 
Paris, Dunod et Pinat, 1919. 8vo. 141 pp. 7.20 


(C. H.). See Scuwas (K.). 

Nassd (M.). Aritmetica generale ed algebra, ad uso dei licei, ben copiose 
note storiche e molti consigli pratici per indirizzare oases alla 
risoluzione degli esercizi. 10a edizione. Torino, libr. ed. Inter- 
nazionale, 1919. 8vo. 530 pp. L. 4.60 

Pacuiano (C.). Sunti di algebra per il primo biennio degli istituti tecnici. 
2a edizione. ciclopedia Scolastica.) a S. Casciano, L. 
Capelli, 1919. 16mo. 98 pp. L. 0.60 


Scumupt (H.). Auflésungen zu den Priifungsfragen aus der Mathematik 
und Naturlehre. 2ter Teil. Leipzig, Haase, 1919. Geb. M. 4.20 


| 

| 
E 

| 


1920. ] NEW PUBLICATIONS. 239 


und (O.). Mathematisches Unterrichtswerk fiir 
Lehranstalten. Lehr- und Uebungsbuch der Geometrie. 

Bier Tel A die Oberstufe der Cymnesien. Besorgt 
bow Cc. H. M 3te Auflage. Leipzig, Teubner, 1916. 


Taytor (E. H.) and ALLEN (F.). r school 2d 
book. New York, Holt, 1919. 4 + 


Tuazr (A.). Sammlung mathematischer Formeln fir héhere 
stalten. Breslau, Hirt, 1919. 


VossurcH (W. L.) and GenTLeMAN (F. W.). 
matics, third course. New York, Macmillan, 1919. 9 + 295 pp. 


Ill. APPLIED MATHEMATICS. 


ABENDROTH (A.). Die in der Land 
Eine Z Ausgleichungsaufgaben bei 
Landestriangulierungen. me, M. 16.50 
AvsBERT (J.). La probabilité dans les tirs de guerre. Paris, Gauthier- 
Villars, 1919. 8vo. 8 + 132 pp. Fr. 9.00 


AvERBACH (F.). Das Wesen der Materie. Leipzig, Durr, 1918. 


(K.). Grun der P nebst 
2te Auflage. Leipzig, Tou mer, 1919. M. 1.90- 


Fievury (C.). Précis de technologie mécanique. Paris, Dunod et or 
1919. 8vo. 545 pp. Fr. 27 


GansBERG (F.). Der Flugzeugkompass und seine Handhabung. ‘et 
enna. K tzen. Ein Handbuch fir Flugzeug- 
‘tihrer und Beobachter. 2te Auflage. 1917. M. 2.30 


Graetz (L.). Die Atomtheorie in ihrer neuesten Entwicklung. Stutt- 
gart, J. Englehorns Nachfolger, 1918. 


Grar (E.). Technische Berechnungen fiir die Praxis des Maschinen- und 
Bautechnikers. Ein Handbuch iiber geléste Beispiele aus der ge- 
samten Mechanik, der Maschinen-, Holz- und Bautechnik, einschliess- 

lich Eisenbeton- und Briickenbau. 2ter Abdruck. 1919. M. 16.00 


Grorrian (O.). Die Geometrie der Gleichstre hi 1917. M. 10.35 
Gruser (H.). Elektrotechnische Fachrechnen. 2te 


Guin1 (C.). Lezioni sulla scienza delle costruzioni date nel r. Politecnico 
di Torino. Parte I: Nozioni di statica grafica. 9a edizione. Torino, 
tip. V. Bona, 1919. 8vo. 7 + 150 pp. L. 6.00 


Immier (W.). Flugzeugkomipasswesen und Flugsteuerkunde. 
manns Bibliothek fiir Flugwesen, Nr. 13.) 1918. M. 3.80 
K6un (P.). Elektrische Kraftiibertragung. 2te Auflage. Leipzig, Teub- 
ner, 1919. Geb. M. 1.90 
Lance (M.). Das Schachspiel und seine strategischen Prinzipien. 3te 
Auflage. Leipzig, Teubner, 1918. Geb. M. 1.90 


Marcs (A.). Theorie der Strahlung und der Quanten. Leipzig, Barth, 
1919. M. 12.00 
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Mises (R. von). Vortrige iiber Theorie und Berechnung der Flugzeuge in 
elementarer Darstellung. Berlin, Springer, 1918. M. 8.00 © 


Miter (E.). Lehrbuch der darstellenden Geometrie fir technhisch he 
2ter Band. 2te Auflage. Leipzig, 


Mourant (0.). Lezioni di termodinamica, dettate nel Politecnico di 
Milano. (Biblioteca Tecnica.) Milano, Hoepli, 1919. 8vo. 11 
+ 220 pp. L. 9.50 

Nuporr (G.). Mathematische Chronologie. Stuttgart, Holland und 
Josenhans, 1914. 8 + 153 pp. 

Prerzscu (H.). Festigkeitslehre und Materialkunde fiir das Flugwesen. 
(Volckmanns Bibliothek fiir Flugwesen, Nr.7.) 1917. M. 3.70 

Pvuetionis! (S.). Praticita e sveltezza nei calcoli nautici: metodo apne 
e tavole nautiche per calcolare la retta altezza e l’ora vera di bordo 
in pochi minuti ... Riposto, tip. Dante Alighieri, 1918. 8vo. 
83 pp. L. 7.50 

ScHWENGLER G.); Die Statik im Flugzeugbau. (Bibliothek fir i. 
schiffahrt und Flugtechnik, Nr. 16.) 1917. M. 8. 

Sxopnix (O. L.). Festigkeitslehre fiir den Flugzeugbau. ager 
nische Biblichek Nr. 8.) 1919. 4.35 

Wiener (O.). Die streckenweise Berechnung der 
Leipzig, Teubner, 1919. 

Wiesent (J.). Die Fortschritte der drahtlosen Telegraphie und der 
physikalischen Grundlagen. Stuttgart, Enke, 1919. 

Wutrr-Parcuim (L.). Fragmente zur Theorie und Praxis der Kristalle. 
Selbstverlag. 1918. 


